S-version finite element method (s-FEM) is applied to two-dimensional linear/nonlinear fracture mechanics problems. s-FEM in crack problems is such that local detailed finite element mesh (local mesh) is superposed on cores finite element model (global mesh) representing the global structure. Therefore, the local and the global meshes are generated independently. This methodology is considered to be one of global-local type analysis strategies. In this paper, the formulation of s-FEM is reviewed and applied to various linear/nonlinear fracture mechanics problems. Stress intensity factors for linear fracture problems are computed by using virtual crack closure method (VCCM). For nonlinear fracture problems, J-integral is evaluated. Calculations for the fracture parameters are carried out based on the local mesh only.
Introduction
It is very important to evaluate the structural integrity of engineering structures such as aircrafts, power plants, etc., in order to assure their safe operations. Parts and components that are used in the structures generally have complex shapes. Hence, generating finite element models for analyzing such structures with cracks often requires unacceptably large amount of labor. This fact has been a driving force in the advancements of finite element model generation softwares and of novel numerical techniques that reduce the modeling tasks. Such numerical methods include EFGM (Element Free Galerkin Method) (1) , FMM (Free Mesh Method) (2) , X-FEM (Extended Finite Element Method) (3) , s-FEM (s-Version Finite Element Method) (4) (5) . The authors have conducted researches on fracture mechanics analysis using the s-FEM (6)(7) .
In the s-FEM analysis, we use two kinds of finite element models. One is called "global model" and the other is "local model". Finite element meshes for the global and the local models are called global and local meshes. The global mesh discretizes the structure as whole. The local mesh is superimposed on the global mesh where finer discretization is required, such as the locations of stress concentration, crack, etc. The local model is much finer than the global model. Both the global and the local meshes express the displacements independently from each other. The displacements of the structure are expressed by their totals where the local mesh is superposed on the global mesh. For fracture mechanics analysis, a local mesh containing a crack is superposed on the global one which does not model any cracks. Translating and/or rotating the local mesh are trivial tasks, since the global model need not be changed. Therefore, s-FEM is especially useful when we carry out fracture analyses on a complex shaped structure, machine parts, etc.
s-FEM is based on an ordinary finite element method. Hence, techniques to evaluate crack parameters (8) , such as the stress intensity factors, energy release rate and J-integral from the solutions of finite element analysis, can also be used in the case of s-FEM with slight modifications. In this paper, the formulations of s-FEM are described for two-dimensional linear and nonlinear fracture mechanics problems are presented first. Then, the numerical implementations of s-FEM, techniques to compute the crack tip parameters and the accuracy of analyses are critically discussed.
Application of s-FEM to crack problems

Linear fracture mechanics problems
In the s-FEM approach, structure as whole is discretized by the global finite element mesh and the vicinity of the crack is represented by the local mesh. Then, the local mesh is superposed on the global mesh, as shown in Fig. 1 . Discretization in the local mesh is much finer than that in the global one. The global and the local meshes are generated independently from each other. The regions of the global and the local models are designated to be 
In the region that the local mesh is superposed on the global mesh, the displacements are expressed by the total of those based on the global and the local meshes. The displacements (2) by using the global and the local finite element meshes, we arrive at a system of linear simultaneous equations.
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where { } [ ( )
is a scalar function of x whose value is one or zero.
( ) 
Eq. (10) is not used when the local model is completely included inside the global model.
Crack t is the equivalent force vector arising from the crack face tractions. Since the crack face tractions acting on the mating crack faces have the same magnitude but opposite directions and the crack is assumed to be represented by the local mesh only, equivalent nodal forces do not associate with the nodal points of the global mesh. When the crack faces are free from the crack face tractions, the equivalent nodal forces are zeros ( 0 t = Crack ).
Elastic-plastic crack problem
The discussions that are given in section 2.1 for the elastic crack problems are extended to the cases of elastic-plastic crack problems. We adopt J2-flow theory (9) as our constitutive law and discussions below are based on the infinitesimally small deformation theory. Thus, we replace the displacements in Eq. (1) by their increments and we write:
The statement of principle of virtual work [Eq. (2)] is rewritten in an incremental form, as: 
LG GL GG (13) Unknown nodal displacement increments are solved from Eq. (13) and then strain increments are computed. Then, the stress increments are computed by using a backward-Euler scheme (10) . Analyses that were performed so far adopted very small increments so that iterative algorithm such as Newton-Raphson method (10) is not used. It is noted that the strain increments that are used to compute the stress increments are the total of those evaluated based on the global and the local meshes.
Integration to evaluate the stiffness matrix
As shown in Eq. (8) Fig. 2 (a) .
( )
takes one in the hatched area and zero outside the hatched part. The accuracy of numerical integral using Gauss numerical integration scheme (11) may degrade, since it assumes that the integrands are smooth and continuous. Hence, we divide the element of the local mesh into sub-divisions, as depicted in Fig. 2 (b) . Gauss numerical integration scheme is applied to each sub-division. Thus, numerical error due to the discontinuous variations of the integrands is confined in sub-divisions that contain the discontinuities. We call this technique as "element sub-division technique" in this paper. By using the element sub-division technique, numerical error is estimated to be the order of area of sub-divisions.
In incremental elastic-plastic analysis, stresses, plastic strains and equivalent plastic strains need to be stored at each integration point. In present analyses, those values are stored at each integration point even when the element sub-division technique is adopted.
Linear equation solver
A system of linear simultaneous equations that are shown in Eqs. (3) and (13) . It is not efficient to use direct equation solvers such as skyline solver (12) in terms of memory usage. Therefore, in present analyses we adopted an iterative solver for sparse symmetric matrix namely ICCG (Incomplete Cholesky Decomposition Preconditioned Conjugate Gradient) (12) method. As an alternative approach, one may renumber the nodal numbers to reduce the band width of the coefficient matrix (13) .
Evaluations of the Fracture Parameters
In present study, in order to evaluate the magnitude of crack tip singular stress field, the stress intensity factors (8) and the J-integral (8) are adopted in linear elastic and elastic-plastic fracture problems, respectively.
Evaluation of the stress intensity factors for linear elastic fracture problems using the virtual crack closure-integral method (VCCM) (14)(15)
Virtual crack closure-integral method (VCCM) enables us to evaluate the stress intensity factors and the energy release rate from the values of nodal displacements and reaction forces at the vicinity of the crack tip. VCCM is known to evaluate the crack tip parameters accurately even with relatively coarse mesh discretization at the crack tip, without using singular elements such as the quarter point element (16) . When eight node serendipity element is adopted for two-dimensional analysis, the nodal displacements (
u ) and the nodal forces ( Fig. 3 are used to compute the energy release rate. It is noted that the nodal reaction forces are evaluated based on the stresses in two elements above the crack line that are shaded in Fig. 3 . The relative nodal displacements (
u ) across the crack face are used in the expressions for the energy release rate and are defined to be:
Thus, the energy release rates I G and II G are computed by VCCM, as:
where h is the length of element edges along the crack line at the crack tip. The stress intensity factors are computed from the energy release rates, as:
where E E = ′ for the plane stress condition and ( )
for the plane strain condition. E and ν are the Young's modulus and the Poisson's ratio of the material.
It is noted that for the computation of VCCM with the s-FEM, the total displacements are used and is written to be:
However, when the crack is embedded in the solid, only the displacements ( ) Then, the nodal forces ( )
are computed based on the elements of the local mesh.
Computation of energy release rate using the J-integral (17)
J-integral is defined as the contour integral that is shown in Fig. 4 . J-integral evaluates the energy release rate. Since the vicinity of the crack tip is discretized by the local model and, therefore, the J-integral path is set on the local model. J-integral is written to be: 
Crack analyses using the s-FEM
In this chapter, the results of crack analyses using the s-FEM are presented and discussions on their accuracies are discussed for linear elastic problems. Then, an example for elastic-plastic crack problem is presented.
Analyses on Mode I crack problems
Fist, we present the results of the center crack and the three-point bend problems. It is easy to imagine that the mesh of the local model should be fine enough at the crack tip, in order to obtain accurate solutions. However, how large the area of the local model around the crack tip should be, to obtain accurate solutions, remains to be an open question. Moreover, the integration for the coupling matrices for stiffness matrices. We define the representative size r of area of the local model, as depicted in Fig. 5 . In Fig. 5 , the region of the local model is rectangular in its shape and the representative size r is defined to be the distances from the crack tip to the outer edges of the local model in the horizontal and the vertical directions. Lg defines the representative element size of an element in the global mesh, as also shown in Fig. 5 . In Figs. 6 and 7 , typical s-FEM models for center crack panel and for the three-point bend problems are depicted. Shaded areas in Figs. 6 (b) and 7 (b) designate typical locations on which the local mesh is superposed. Three crack lengths were assumed for both the problems. The sizes r and Lg were varied and the stress intensity factor was computed by using VCCM. The analyses were also performed with and without the element sub-division technique.
In Fig. 8 , we find large magnitude of error when the ratio r / Lg is less than 1. When the ratio r / Lg is equal to or larger than 1 and when the element sub-division technique is employed, error in the stress intensity factor is found to converge to small values. The error is about 0.2~0.5% for the center crack panel problem and is about 1% for the three point bend problem. When the element sub-division technique was not employed, the error does not converge. We find large error even when r / Lg is equal to or larger than 1. The results suggest that the representative size r of the local model region need to be equal to or larger than the size Lg of an element in the global mesh and the element sub-division technique be used, in order to obtain accurate solution for the stress intensity factor. In the case of three-point bend problem, error in the stress intensity factor converges to about 1% for 1 ≥ Lg r when the element sub-division technique is employed. It is seen in the results without using the element sub-division technique, that the values of error scatter. Although we can find some data points with small amount of error, the solutions are not very reliable. It is considered that the element sub-division technique enhances the accuracy of numerical integrals. That is the reason why error converges to small value when the element sub-division technique is employed. For the three point bend problem, the discretization for the global model was so coarse that it may have failed to capture the bending deformation in the ligament region of the beam. For the center cracked panel problem, such a problem does not occur. This may be the reason why about 1% of error remains even when the size r of the local model region enlarges.
Application to mixed mode crack problems
In this section, present s-FEM is applied to the problems of mixed mode cracks that have kinks. In Fig. 9 , the configurations of crack to be analyzed from Step 1 to Step 4 are depicted. They emulate the propagation of fatigue crack growth under a mixed mode loading condition. In Fig. 10 , typical finite element discretizations for the global and the local models are presented. The local models for the cracks and their vicinities are superposed on the global model. The local models do not need to extend to remote regions from the cracks. Therefore, it is quite tractable to create local models even for cracks with kinks. It is noted that the analysis model that is depicted in Fig. 10 satisfies the condition to accurately evaluate the stress intensity factor ( 1 ≥ Lg r ) and that 10 by 10 element sub-division technique is employed.
The stress intensity factors that were evaluated by the s-FEM and VCCM are presented in Table 1 . Present solutions are compared with that of analytical solution for Step 1 and with numerical ones that are obtained by an ordinary finite element method with VCCM for Steps 2~4. Error from the analytical solution and difference from the numerical ones are within 1%. The stress intensity factors are accurately evaluated by present s-FEM approach.
Elastic-plastic crack problem
In this section, the result of elastic-plastic analysis on the center cracked panel problem is presented. The panel is subject to a remote uniform tension, as shown in Fig. 6 (a) . The analysis is performed for the 1/4 of the region due to its symmetry. The result of present s-FEM analysis is compared with that of an ordinary finite element method. The finite element analysis employs a backward Euler scheme as stress integration algorithm and the Newton-Raphson algorism is adopted for the equilibrium iteration. The stress-strain curve is shown in Fig. 11 . Poisson's ratio was assumed to be 0.3. The local model is overlaid on the shaded area that is shown in Fig. 12 (a) . The size of the local model region satisfies the condition 1 ≥ Lg r that assure the accuracy of the analysis. The 9 by 9 element sub-division technique is adopted. The element sub-division technique is also adopted for the element of the global model to capture the distribution of plastic strains accurately. Five where Y σ is the yield stress. In Table 3 Table 3 are the averaged ones of those on the integral paths outside the region of plastic deformation. In Fig. 13 , the developments of plastic region are shown and are compared between the results of s-FEM and FEM. They are very similar to each other. The differences in the J-integral values between the s-FEM and FEM are less than 1%.
Conclusions
In this paper, two-dimensional fracture analyses using the s-FEM are presented and their accuracies are critically examined. It is found that the region of the local model must be large enough compared with the size of an element in the global model. Also, the element sub-division technique was fond to be very effective to evaluate the coupling matrices accurately. Furthermore, present s-FEM approach was demonstrated to serve accurate solutions not only for mode I but also mixed mode problems.
s-FEM approach greatly simplifies the model generation procedures. This feature may be more pronounced in three-dimensional crack problems. We hope that we challenge three-dimensional crack problems in near future.
